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Abstract 

We consider a rational-trigonometric deformation in context of rational and trigono- 
metric deformations. The simplest examples of these deformations are presented in dif- 
ferent fields of mathematics. Rational-trigonometric differential Knizhnik-Zamolodchikov 
and dynamical equations are introduced. 

1 Introduction 

In classical mathematics there are three classes of meromorphic functions: rational, trigono- 
metric, elliptic. According to these classes there are three types of quantum deformations: 
rational, trigonometric, elliptic. It turns out we can also introduce a rational-trigonometric 
deformation. All these deformations will be called standard. 

In this short and sketched paper we discussed the simplest examples of the standard 
deformations in the arithmetic (number theory), geometry, differential calculus, theory 
functions and Lie algebras. We also introduce rational-trigonometric differential Knizhnik- 
Zamolodchikov (KZ) and dynamical (DD) equations. The rational-trigonometric differential 
KZ equations are connected with a rational-trigonometric classical r-matrix [6] which is a 
sum the simplest rational and trigonometric r-matrices depending on spectral parameter. 
It turns out that the rational-trigonometric differential KZ (DD) equations are sums of the 
rational and trigonometric differential KZ (DD) equations. 

2 Trigonometric, rational and rational-trigonometric 
deformations 

2.1 Standard deformations of numbers 

Let z be a complex number, z e (D. 
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a). The trigonometric deformation (or g-deformation) of z: 

1 - q z 



z. 



1 — q 



(!), = !, (0) 9 = 0, (1) 



where q is a deformation parameter, (z) q= i = z. This deformation is well-known. 

b) . The rational deformation (or 77-deformation) of z [7]: 

*->(*).»= i + ^-i) ' (^ = 1 ' (°)^ = °> ( 2 ) 

where 77 is a deformation parameter, (2)77=0 = 

c) . The rational-trigonometric deformation (or (q, ^-deformation) of 2; [7]: 

* - = I + 1} , (1) OT = 1. (0) m = 0, (3) 

where g and 77 are deformation parameters, (z) q= i jT) = (z) v , (z) q;r)=0 = (z) q . 
Remark. There is an elliptic deformation of z (for example, see [3]) 

2.2 Standard deformations of two-dimensional plane 

Let x and y be two commuting coordinate variables, i.e. 

xy — yx = (the (x, y) — plane). (4) 

a) . The trigonometric deformation of the (x, y)-plane: 

xy — qyx = (the Manin's plane) . (5) 

b) . The rational deformation of the (x, t/)-plane: 

xy-yx = r/y 2 . (6) 

c) . The rational-trigonometric deformation of the (x, y) -plane: 

xy - qyx = r]y 2 . (7) 

All these deformation of the (x, y)-plane are well-known. 

Remark. No elliptic deformation of the (x, y)-plane is known. It is an open problem. 
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2.3 Standard deformations of the differential calculus 

Let d x := tt- be the usual derivative. 

■*' ox 

a) . The trigonometric deformation of d x : 

b) . The rational deformation of d x : 

x + 7} — x rj 

The deformations a) and b) for d x are well-known. 

c) . The rational-trigonometric deformation of d x : 

f(x) q = + = ffa + ri-fW . (10) 

x v ,q qx + 7]-x x(q-l)+r] v ' 

All these deformations of d x have the following properties: 

(i) they are defined by the general formulas 

8™ fix) Aidf)f{x) fW-M (ii) 

° x J[ } ~ AW X ~ x'-x ' 1 j 

(ii) they satisfy the Leibniz rule 

d^f(xMx) = (df >/(*)) <p{x) + f(x') (df^(x)) , (12) 

where x' = qx for the g-deformation, x' = x + rj for the 77- deformation and x' = qx + 77 for 
the (5, 77)-deformation. 

Remark. There is an explicite formula for the elliptic deformation of d x . 

2.4 Standard deformations of functions 

Let exp(x) be the usual exponential of x: 

exp(x) = 1 + x + 7U 2 + • • • + —x n + ■■■ . (13) 
and let F n ^ m {x) be a standard hypergeometric series: 

P ^-V' ( Q l)(fc)( Q 2)(fc) • ■ • (Qn)(fc) „fc nA N 
^n,mW — 2^ 7.1/7 \ /l \ /l \ X ' 

fc =0 ^ ! (0l)(fe)(02)(fc) • • • (M(fc) 
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where 

( a )(fe) — a ( a + 1) • • • (a + fc — 1) . (15) 

a) . The trigonometric deformation of exp(x) and F njTn (x). 

exp q (x) = 1 + x + t^-tX 2 + • • • + ^4tx" + • • • , (16) 

\ Z )q- \ n )q- 

where 

(n) ff ! = (l) ff (2) ff ...(n) s . (17) 

If we replace the parameters dj, 6-,-, and A;! in (14) by the g-analogs (aj) g , (6 3 -) g and 
we obtain the basic hypergeometric (g-hypergeometric) series Fjf^z). 

b) . The rational deformation of exp(x) and F„ im (x). 

exp v (x) = l + x + -^-x 2 + ■■■ + -^-x n + ■■■ , (18) 

where 

(n)„! = (1)„(2)„ • • • (n), . (19) 

If we replace the parameters a i; fej, and /c! in (14) by the ^-analogs (a^, (fy),, and (fc)^! 
we obtain the basic hypergeometric (77-hypergeometric) series F^J^z). 

c) . The rational-trigonometric deformation of exp(x) and F n>m (x). 



exp qv (x) = l + x+ -±—x 2 + ■■■ + j^—^ + ■■■ , (20) 



where 

(n)„! = (l)„(2)„-..(n) OT . (21) 

The replacement of a*, fy, and fc! in (14) by the (5, /^-analogs (ai) w , (frj)^ and 
gives us the (g, -g)-hypergeometric series 

Fto'i\x) = £ (( fll )w)(fc)(( a 2)g»?)w " " " (( a »)g>?)(fc) ^fc ^2) 

fc=0 (A;) w !((&i) w )(fe)((&2) w )(fe) • • • ((b m ) qv )(k) 

where 

= (a) qv (a + l) qv ■■■(a + k- l) qv . (23) 

Setting here q = 1 we obtain the ^-hypergeometric series F^^x). We can also introduce 
the 77- and (g, 77)- analogs of other special functions. 

All deformed exponentials exp (x), exp (rr) and exp qr] (x) can be obtained from the func- 
tional equation f ± (x + y) — f2{y)h{ x ) with regular functions fi(z) satisfying the initial 
conditions /j(0) = 1, where the variables x and y satisfy the relations (5)-(7) (see [7]). 

Remark. Analogous formulas exist also for the elliptic case they can be found in [3]. 
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2.5 Standard deformations of universal enveloping algebras 

Let g be a finite-dimensional Lie algebra, c/[-u,w _1 ] be a loop algebra and g[u] be a non- 
negative loop algebra over g. We denote by U(g), U(g[u\) and U(g[u, u' 1 ]) their universal 
enveloping algebras. 

a) . The trigonometric deformation (g-deformation) of U(g), U(g[u}) and U(g[u, u^ 1 ]) arc 
well-known. They are denoted by U q (g), U g (g[u\) and U q (g[u, u^ 1 ]) [1]. 

b) . The rational deformation of U q (g[u\) and U q (g[u, u' 1 ]) are well-known. They are 
Yangian Y v (g) [1] and its double DY rj (g) [2]. 

c) . The rational-trigonometric deformation of U q (g[u}) and U q (g[u, u^ 1 ]) are Drinfeldian 
D qrj (g) [6], [7] and its double DD qv (g). 

Remark. An elliptic deformation exists only for U(sl n [u]). It is well-known too. 

3 Rational-trigonometric differential Knizhnik-Zamo- 
lodchikov and dynamical equations 

We consider the case g = glu although results of this section are also valid for an arbitrary 
simple complex Lie algebra g. Let e ab , a,b = 1, . . . , M, be the standard Cartan-Weyl basis of 

N 

gl M : [e ab ,e cd ] = 5 bc e ad - 5 ad e cb . The element C 2 := E e ab e ba G U(gl M ) is a #/ M -scalar, i.e. 

a, 6=1 

[C2, x] — for any x G glu-, and it is called the second order Casimir element. The element 
Q := i(A(C 2 )-C2®id-id®C2 = E e a6 (g>e 6a C U(glM)<S>U(glM), where A is a trivial co- 

v 7 o,b=l 

product A(x) = x ® id + id <g> x (Vie G ^/m), is called the Casimir two-tensor. The two-tensor 
can be presented in the form fl = Q + + Q~ , where Q + = \ E e aa <g> e aa + E e at ® e ba 

a l<a<6<M 

and Sl~ = \ E + E e fea <g) e ab . Note that (a; <g) w)(fi ± ) = f2 T , where u> is the 

a l<a<fe<M 

Cartan automorphism: ui(e ab ) = —e ba . 

i—th 

For any x G U{qIm) we set = id ® ■ ■ ■ (g) id x id <S> ■ ■ ■ Cg> id . We consider U(glM) 

N— times 

as a subalgebra of {U(glM))® N ', the embedding U(glu) ^ (U(glM))® N being given by the 
iV-fold co-product, that is x 1— >• A N (x) = x^ + . . . + x^) for any x G ^/m- 

For a nonzero complex number k we consider differential operators , . . . , and 
V^, . . . , with coefficient in (U(glM))® N depending on complex variable z 1: ...,z N and 
X ir--,^ M ( see t 4 ] and [ 5 ]) : 

q M N O 

V<?(*l A) = «£■ - E Aa(e aa ) w - E 7^ , (24) 

l^l a= i j=i Zi Zj 
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V?^; A) = - £(A a - e aa )(e aa ) {i) - £ - - J Sfl . (25) 

The operators V^, . . . , (resp.V^, . . . , V^J are called the rational (resp. trigonometric) 
Knizhnik-Zamolodchikov (KZ) operators. We set 

V^\z-\) = hV { :i l {z + l{l + l)\) . (26) 

It is easy to see that 

VW(*; A) = A) + T7VW(z; A) . (27) 

The rational (trigonometric or rational-trigonometric) KZ equations is the system of the 
differential equations 

V£)(z; A)«(z; A) = , i = 1, . . . , N; a = (r) ((*) or (rt)) (28) 

for a function it(z; A) := m(-2; 1 , . . . , z N ; A l5 ■ • ■ , A M ) taking values in an iV-fold tensor product 
of (//^-modules. 

We also consider the differential operators , . . . , and , . . . , with coeffi- 
cient in (U(glM))® N depending on complex variables z 1 , . . . ,z N and A l5 • • • , X M [4]: 

-t?(*5 A) = « A - E ^(e aa ) w - E ° 7°" ' ( 29 ) 

J) 2 N 

Dfl(z; A) = ^A a — + a -f - £ ^ - 

-E E MwWrE ( f| h • ( 30 ) 

6=1 Ki<j<N 6=i A(1 A& 

M 

Remind that e ab = (e a b)(i)- The operators D^>, . . . (resp. D®, . . . D^ f ) are called the 

i=l 

rational (resp. trigonometric) differential dynamic (DD) operators. We set 

*(^):=RD2 +i ((l + !>;A+f). (31) 

It is easy to see that 

{z - A) = h D g (z; A) + (z; A) . (32) 

The rational (trigonometric or rational-trigonometric) DD equations is the system of the 
differential equations 

D^(z; X)u(z; A) = , a = 1, . . . , M; a = (r) ((t) or (rt)) (33) 
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for a function u(z; A) := u(z ± , . . . , z N ; A l5 • • • , A M ) taking values in an iV-fold tensor product 
of g/M- m odules. 

/From (27), (32) and Theorem 5.8 of the paper [4] for any i = 1, . . . , N and a — 1, . . . , M 
we have the duality: 

V<?>(z; A) M ~ Dj*)(A; , d£>(z; A) m ~ v£>(A; *)„ , (34) 

where the index M (N) is connected with the Lie algebra glutiglN)- 
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